Abstract. In this paper we prove some properties of nonabelian cohomologies of cyclic groups with coefficients in Lie groups. In the case that the cyclic group is Z, we show that if G is a connected compact Lie group which has a nonabelian Zmodule structure, then the canonical map H
Introduction
Let A be a group, X an A-set, and G a (nonabelian) A-module. Then the nonabelian cohomologies H 0 (A, X) and H 1 (A, G) are well-defined. Most studies of this kinds of cohomology concentrate on the case that G is an algebraic group, which play an important role in the study of algebraic groups and number theory. In this paper we consider the case that G is a Lie group and A is a cyclic group, and prove some properties of the cohomologies H 0 (A, G/T ) and H 1 (A, G), where T is certain compact tours of G.
We hope that nonabelian cohomologies with coefficients in Lie groups may be a tool in the study of structures of Lie groups. Here we would like to present an example. In [2] , Theorem 2.2, the following conclusion was proved. Let G be a connected Lie group with an involution σ, and let G σ = {g ∈ G|σ(g) = g}, G Based on the fact that G σ has finite many connected components and is connected if G is simply connected (Lemma 2.7 in [2] ), the proof of this conclusion in [2] also relied on several topological lemmas, which seemed to be somewhat complicated. Based on Lemma 2.7 in [2] , here we give an elegant short proof of this conclusion using nonabelian cohomology, due to Professor Jiu-kang Yu. The involution σ on G makes the short exact sequence 0 → π 1 (G) → G → G → 0 an exact sequence of nonabelian Z 2 -modules, where G is the universal cover of G. So we have an exact sequence H 0 (Z 2 , G) → H 0 (Z 2 , G) → H 1 (Z 2 , π 1 (G)) (see Section 2). But by definition, H 0 (Z 2 , G) = G σ , so by Lemma 2.7 in [2] , the image of H 0 (Z 2 , G) → H 0 (Z 2 , G) is G σ 0 , which coincides with the kernel of H 0 (Z 2 , G) → H 1 (Z 2 , π 1 (G)). Hence G σ /G σ 0 is isomorphic to the image of H 0 (Z 2 , G) → H 1 (Z 2 , π 1 (G)), which is a subgroup of H 1 (Z 2 , π 1 (G)). Since π 1 (G) is abelian, by Corollary 1 in page 130 of [9] , every element of H 1 (Z 2 , π 1 (G)) is annihilated by 2. But G σ /G σ 0 is finite. This proves that G σ /G σ 0 is of the form (Z 2 ) r . If π 1 (G) is finite with odd order, say n, then every element of H 1 (Z 2 , π 1 (G)) is also annihilated by n. This forces H 1 (Z 2 , π 1 (G)) is trivial, and then G σ /G σ 0 is trivial. Yu also has a proof of Theorem 2.1 in [2] using nonabelian cohomology. Due to the limit of the length of this section we omit it here.
In the case that A is a cyclic group, H 1 (A, G) has closed relation with the so-called twisted conjugate action of G, which has been applied to the problem of embedding symmetric spaces (or, more generally, homogeneous spaces) in Lie groups (see [1, 2, 4] ). This relation is also the inspiration for us to consider the problems of this paper. Since the group G is not algebraic but smooth, the methods involved in the proofs of some conclusions rely on some differential geometry. Throughout this paper G always denotes a Lie group. Section 2 and 3 are preliminary sections. In Section 2 we review some basic facts on the zeroth and first nonabelian cohomologies. Some particular properties for A is cyclic and G is a Lie group are emphasized. The relation between the nonabelian cohomology and the twisted conjugate action are given. In Section 3 we consider maximal compact tori of general Lie groups (not necessary connected), which will play an important role in subsequent sections, showing that any two of them are conjugate.
In Section 4 the case that A is the infinite cyclic group Z is considered. We show that, when G is compact and connected, the condition that the Z-action on G being 1-semisimple (for this concept see Section 4) is a necessary and sufficient condition for the canonical map H 1 (Z, T ) → H 1 (Z, G) to be surjective, that is, every cohomology class in Z 1 (Z, G) contains a cocycle taking values in T , where T is a maximal compact torus of G Z . The proof of this conclusion is geometric, and an important ingredient is the Lefschetz Fixed Point Theorem. We also prove that the same condition is also a necessary and sufficient condition for all fibers of the canonical map H 1 (Z, T ) → H 1 (Z, G) to be finite, which is also equivalent to the kernel of H 1 (Z, T ) → H 1 (Z, G) is finite. A particular case of the combination of these conclusions is that, when G is compact semisimple and connected, the map
is always surjective with finite fibers. As a corollary, we show that under the condition of 1-semisimplicity, each connected component of H 0 (Z, G/T ) is a closed homogeneous submanifold of G/T , and the restriction of the coboundary operator δ :
In Section 5 we consider the case that A is the finite cyclic group Z n . We prove that for an arbitrary connected Lie group G which has a (nonabelian) Z nmodule structure, there always exists a maximal compact subgroup K of G which is also a Z n -submodule of G, and the canonical map H 1 (Z n , K) → H 1 (Z n , G) is bijective. This generalizes a theorem in Serre [10] , where the case that G is the complexification of K and Z 2 acts on G by complex conjugation is considered. As a corollary, we show that for each maximal compact torus T of G Zn , the canonical map
If moreover G is simply connected and solvable, then H 1 (Z n , G) is trivial, due to the fact that G contains no non-trivial compact torus. We also have the result that each connected component of H 0 (Z n , G/T ) is a closed homogeneous submanifold of G/T , and the restriction of the coboundary operator
But unlike the similar result in Section 4, in this case it follows directly from the fact that H 1 (Z n , T ) is finite. Another conclusion which we prove there is that, for an arbitrary connected Lie group G which has a Z n -module structure, each connected component of Z 1 (Z n , G) is a closed submanifold of G, and two cocycles in Z 1 (Z n , G) are cohomologous if and only if they lie in the same connected component of
coincides with the set of all connected components of Z 1 (Z n , G). The first author is in debt to Professor Jiu-Kang Yu for many valuable conversations which engaged the author in the subject of nonabelian cohomology. He also would like to thank Professor Bang-Yen Chen, Fuquan Fang, Z. Hajto, K.-H. Neeb, and M. Shiota for valuable conversations or kindly helps.
Preliminaries on nonabelian cohomology
In this section we list some facts of nonabelian cohomology which will be used later. Most of these facts may be found in Serre [9, 10] . Before doing this, we first make the convention that when we say G is a Lie group which has a nonabelian A-module structure, we always assume A acts on G by automorphisms of Lie group, that is, A acts on G smoothly; and when we say that f : H → G is an A-homomorphism of such two nonabelian A-modules, we always assume f is also a homomorphism of Lie groups.
Let A be a group (which is always cyclic in subsequent sections), X an A-set. By definition, the zeroth nonabelian cohomology H 0 (A, X) of A with coefficients in X is the set X A := {x ∈ X|a(x) = x, ∀a ∈ A}. Now let G be a group (which is always a Lie group in subsequent sections) on which A acts by automorphisms, that is, G is a nonabelian A-module, then
This forces g 0 = e, where 0 and e are the identity elements of A and G, respectively). The set of all such cocycles is denoted by Z 1 (A, G). Two cocycles α 1 , α 2 ∈ Z 1 (A, G) are cohomologous if there exists g ∈ G such that α 2 (a) = g −1 α 1 (a)a(g), ∀a ∈ A. This is an equivalent relation in Z 1 (A, G), and the first nonabelian cohomology H 1 (A, G) of A with coefficients in G is defined to be the pointed set of all equivalent classes in Z 1 (A, G) with neutral element the class of the unit cocycle. It is obvious that
Note that for nonabelian modules, only the zeroth and first cohomologies are commonly used. For the definition of higher cohomologies, see the references in [9, 10] . If A is cyclic, then a cocycle in Z 1 (A, G) is determined by its value on a generator. To be more precise, let σ be a generator of A. If A = Z, then for a cocycle a → g a , we have
Conversely, each g σ ∈ G determines a cocycle in this way. So we may identify
e determines a cocycle in this way. So we may identify
with G, two cocycles z 1 , z 2 ∈ G are cohomologous if and only if they lie in the same orbit of the twisted conjugate action associated with σ. So H 1 (Z, G) may be identified with the orbit space of the twisted conjugate action. If A = Z n , then the set Z = {g ∈ G|gσ(g) · · · σ n−1 (g) = e} is invariant under the twisted conjugate action associated with σ, and under the identification of Z 1 (Z n , G) with Z, two cocycles z 1 , z 2 ∈ Z are cohomologous if and only if they lie in the same orbit of the twisted conjugate action. Hence H 1 (Z n , G) may be identified with the set of orbits of the twisted conjugate action which are contained in Z. Now let f : H → G be a homomorphism of nonabelian A-modules. Then there are canonical induced maps of pointed sets f i :
A-set, and we have an exact sequence of pointed sets
where the coboundary operator δ maps an element gH ∈ H 0 (A, G/H) to the class of the cocycle g a = g −1 a(g), and the neutral element of H 0 (A, G/H) is chosen to be H ∈ G/H. Note that if A is cyclic and H is abelian, then H 1 (A, H) = Z 1 (A, H), which may be identified with a subset of H. Under this identification, the coboundary operator δ :
, which is obviously continuous if G is a Lie group, H is a closed subgroup, and A acts on G by automorphisms of Lie group. If A = Z, from the identification
is surjective. Let G be a nonabelian A-module, and let α ∈ Z 1 (A, G). One can define another A-module G α by twisting G using the cocycle α as follows. The underlying group of G α is G, and A acts on
and induces a bijection
is also an A-homomorphism, and we have the following commutative diagram
So t α is a bijection between ker(f α1 ) and the fiber f
). This means that the twisting process allows one to transform each non-empty fiber of f 1 to a kernel.
At last, we give a remark on the interpretation of some conclusions in subsequent sections from the viewpoint of twisted conjugate actions. Let A be a cyclic group with a generator σ, G a Lie group which has a (nonabelian) A-module structure. Suppose H is a subgroup of G A . Then to say the canonical map
is surjective is equivalent to say that each orbit (in G or Z when A = Z or Z n , resp.) of the twisted conjugate action associated with σ intersects H, and to say the fibers of H 1 (A, H) → H 1 (A, G) are finite is equivalent to say that the intersection of each orbit (in G or Z when A = Z or Z n , resp.) of the twisted conjugate action with H is a finite or empty set.
Maximal compact tori of Lie groups
In this section we introduce the concept of maximal compact tori of Lie groups, which will be used later. For a Lie group which is denoted by, for example, G, we always denote its identity component and its Lie algebra by G 0 and g, respectively. Let H be a Lie group (not necessary connected). A subgroup T of H is a maximal compact torus of H if T is a compact torus and there is no other compact torus T
′ of H such that T T ′ . Note that if H is compact and connected, this concept coincides with the commonly used concept of maximal torus.
It is obvious that maximal compact tori always exist. We claim that they are unique up to conjugation. To prove this, we need the following fact, which is also used later in the proofs of some other conclusions. 
, · · · , r}, and such that the map ϕ :
Xr is a diffeomorphism.
Proposition 3.1. Let H be a Lie group, T a maximal compact torus of H. Then for any compact torus T ′ of H, there exists an h ∈ H 0 such that hT ′ h −1 ⊂ T . In particular, any two maximal compact tori of H are conjugate via an element in H 0 .
Proof. Without loss of generality, we may assume H is connected. Let K be a maximal compact subgroup of G containing T . By Fact 3.1, there is an
Nonabelian cohomologies of Z with coefficients in Lie groups
Let V be a finite-dimensional real vector space, L a linear endomorphism of V .
2 ) in the complexification V C of V . Note that L is semisimple if and only if it is λ-semisimple for every λ ∈ C. For a Lie group G and a complex number λ, an automorphism σ of G is λ-semisimple (semisimple, resp.) if the linear endomorphism dσ on the Lie algebra g of G is λ-semisimple (semisimple, resp.). Suppose a cyclic group A acts on a Lie group G by Lie group automorphisms. The action is 1-semisimple (semisimple, resp.) if the action of a generator of A on G is 1-semisimple (semisimple, resp.). Note that this definition is independent of the choice of the generator of A.
The main theorem of this section is the following. Theorem 4.1. Let G be a connected compact Lie group which has a (nonabelian) Z-module structure, T a maximal compact torus of G Z . Let i : T → G be the canonical inclusion, and let i 1 :
To prove Theorem 4.1, we need several lemmas. The first lemma is a key step, whose proof needs the following facts. Lemma 4.1. Let G be a connected compact semisimple Lie group which has a nonabelian Z-module structure, T a maximal compact torus of G Z . Then the canonical map
Sublemma 4.1.1. Suppose G is a connected compact semisimple Lie group with a closed subgroup H. Denote Aut H (G) = {θ ∈ Aut(G)|θ(H) = H}, which acts on G/H by ρ θ (gH) = θ(g)H. Then there is an Ad(G)-invariant inner product on g such that the induced G-invariant Riemannian structure on G/H is also Aut H (G)-invariant.
Proof. We construct the semidirect product G ⋊ Aut H (G), and define the map
This verifies the claim. Note that the action of G ⋊ Aut H (G) on G/H is transitive, and the isotropic subgroup associated with the point H ∈ G/H is H ⋊ Aut H (G). Note that the restriction of the inner product B on the Lie algebra g of G is Ad(G)-invariant, and the restriction of B on h ⊥ induces a G-invariant Riemannian structure on G/H which is same as that was constructed above. This proves the sublemma. 
So there is a natural isomorphism G/H
∼ = G ⋊ Aut H (G)/H ⋊ Aut H (G). Since G is compact semisimple, Aut(G) is compact. As a closed subgroup of Aut(G), Aut H (G) is also compact. So G ⋊ Aut H (G) is compact. Choose an Ad(G ⋊ Aut H (G))- invariant inner product B(·, ·) on the Lie algebra L(G ⋊ Aut H (G)) of G ⋊ Aut H (G). Then the restriction of B on L(H ⋊ Aut H (G)) ⊥ induces a G ⋊ Aut H (G)-invariant1, if θ ∈ Aut H (G) satisfies H ⊂ G θ , then the connected component of Fix(ρ θ ) ⊂ G/H containing the point H is G θ 0 /H.
Proof. Endow G/H with a G-invariant and Aut H (G)-invariant
Riemannian structure which is induced by an Ad(G)-invariant inner product on g. By Corollary 3.6, Theorem 2.10, and Corollary 2.5 in Chapter X of [7] , every geodesic of G/H starting from H is of the form e tX H for some X ∈ g. Denote the connected component of Fix(ρ θ ) containing H by F 0 . By Fact 4.1, F 0 is a closed totally geodesic submanifold of G/H. Suppose gH ∈ F 0 . Let e tX H be a geodesic through H and gH such that e tX H ∈ F 0 , ∀t ∈ R. Then e tX H = ρ θ (e tX H) = θ(e tX )H = e tdθ(X) H. This implies e −tX e tdθ(X) ∈ H.
Proof of Lemma 4.1. Let σ be a generator of Z. Then under the identification Z 1 (Z, G) ∼ = G (see Section 2), two cocycles z, z ′ ∈ G are cohomologous if there exists g ∈ G such that z ′ = g −1 zσ(g). So to prove the theorem, it is sufficient to show that for each z ∈ G, there exists g ∈ G such that g −1 zσ(g) ∈ T . Let f be the diffeomorphism of G/T defined by f (gT ) = σ(g)T . Since σ ∈ Aut T (G) and T ⊂ G Z , by Sublemma 4.1.1 and Sublemma 4.1.2, there is a Ginvariant Riemannian structure on G/T which is also f -invariant, and the connected component of Fix(f ) containing T is G For each z ∈ G, define the diffeomorphism f z of G/T by f z (gT ) = zσ(g)T . Since G is connected, f z is homotopic to f = f e , and then Lef(f z ) = Lef(f ) > 0. By the Lefschetz Fixed Point Theorem, f z has a fixed point gT , that is, zσ(g)T = gT . This means g −1 zσ(g) ∈ T . The lemma is proved.
Lemma 4.2. Let G be a compact torus which has a Z-module structure, T the identity component of
Proof. (i) We also choose a generator σ of Z and identify Z 1 (Z, G) with G. Let z ∈ G be a cocycle, and choose an X ∈ g such that e X = z. Since σ is 1-semisimple, ker(1 − dσ) ⊕ Im(1 − dσ) = g. So we can write X as X = Y + (1 − dσ)(Z), that is, −Z + X + dσ(Z) = Y , where Y ∈ ker(1 − dσ), Z ∈ g. Since G is abelian, this implies e −Z zσ(e Z ) = e Y ∈ T . This proves (i). (ii) We prove it by contradiction. Suppose the Z-action on G is not 1-semisimple. So ker(1 − dσ) + Im (1 − dσ) g. Then for each discrete Z-submodule Γ of G,
Choose an X ∈ g which does not belong to the left hand side of the above equation. Then it is easy to check that for every
is not surjective. This conflicts with the conditions, and then (ii) is proved. Lemma 4.3. Let G, G ′ be connected Lie groups which have (nonabelian) Z-module structures, and let π :
Proof. The first assertion follows from the following commutative diagram, in which the two columns are surjective.
To prove the second assertion, let
Lemma 4.4. Let G be a connected compact semisimple Lie group which has a nonabelian Z-module structure, T a maximal compact torus of G Z . Then all fibers of
Sublemma 4.4.1. Let M be a compact smooth manifold with two closed smooth submanifolds
is the intersection of T with a cohomology class in Z 1 (Z, G). But a cohomology class in Z 1 (Z, G) is an orbit of the twisted conjugate action τ associated with σ (see Section 2), which is a closed submanifold. So by Sublemma 4.4.1, it is sufficient to prove that for each t ∈ T , T t O t ∩ T t T = 0, where O t is the orbit of the twisted conjugate action containing t.
Let l t be the left translation on G induced by t. Since
, and it is sufficient to show Im(Ad(t −1 ) − dσ) ∩ t = 0. Since G is compact semisimple, Ad(t −1 ) and dσ are semisimple. σ(t) = t implies Ad(t −1 ) and dσ commute, so Ad(t
This proves the lemma.
Lemma 4.5. Let G be a compact torus which has a Z-module structure, T the identity component of G Z . Then the kernel of i 1 :
is finite if and only if the Z-action on G is 1-semisimple.
Proof. Since G is abelian, we have the following exact sequence of cohomology groups:
⇔the induced linear automorphism of dσ on g/t has no eigenvalue 1 ⇔dσ is 1-semisimple ⇔the Z-action on G is 1-semisimple.
Proof of Theorem 4.1. We follow the line
, g t be the center of g. Then g = g s ⊕ g t . Let G s , G t be the connected subgroups of G with Lie algebras g s and g t , respectively. Then G s is semisimple, G t is a compact torus, and it is obvious that G s and G t are Zsubmodules of G. Let G ′ = G s × G t be the direct product of Z-modules, and define π : G ′ → G by π(g s , g t ) = g s g t . Then π is a Z-epimorphism which is also a finite covering homomorphism of Lie groups. Let 
Corollary 4.1. Let G be a connected compact semisimple Lie group which has a nonabelian Z-module structure, T a maximal compact torus of G Z . Then the canonical map i 1 :
is surjective with finite fibers.
Proof. Since G is compact semisimple, the automorphism group Aut(G) of G is compact. So the action of each σ ∈ Aut(G) on G is semisimple. As a sub-action of Aut(G), the Z-action on G is semisimple, hence 1-semisimple, and the corollary follows from Theorem 4.1 immediately.
Corollary 4.2. Let G be a connected compact Lie group which has a (nonabelian) Z-module structure, T a maximal compact torus of G Z . Suppose the Z-action on G is 1-semisimple. Then each connected component of H 0 (Z, G/T ) is a closed homogeneous submanifold of G/T , and the restriction of the coboundary operator δ :
Proof. From the exact sequence
we know that the image of δ coincides with the kernel of i 1 , which is finite by Theorem 4.1. So the image of each connected component of H 0 (Z, G/T ) is finite. But under the identification H 1 (Z, T ) with T , δ is continuous. This forces the restriction of δ to each connected component of
, is diffeomorphic to H 0 /T , which is a closed homogeneous submanifold of G/T . This proves the corollary.
Nonabelian cohomologies of Z n with coefficients in Lie groups
Let n be a positive integer. One of the main theorem in this section is the following.
Theorem 5.1. Let G be a connected Lie group which has a (nonabelian) Z n -module structure. Then (i) There exists a maximal compact subgroup K of G which is a Z n -submodule of G; (ii) For each maximal compact subgroup K of G which is also a Z n -submodule of G, the canonical map
Proof. We construct the semidirect product G ⋊ Z n , which is a Lie group with finite many connected components. We identify the identity component G × {0} of G ⋊ Z n with G, and denote x = (e, σ) ∈ G ⋊ Z n , where σ is a generator of Z n . Then σ(g) = xgx −1 , ∀g ∈ G. Since the subgroup {e} × Z n of G ⋊ Z n is compact, there is Proof. Let T be a maximal compact torus of
Corollary 5.3. Let G be a connected and simply connected solvable Lie group which has a (nonabelian) Z n -module structure. Then H 1 (Z n , G) is trivial.
Proof. Let T be a maximal compact torus of G Zn . By Corollary 5.1, it is sufficient to show that H 1 (Z n , T ) is trivial. But by Theorem 2.3 of Chapter XII in [5] , T is trivial. So H 1 (Z n , T ) is trivial.
We also have Proposition 5.1. Let G be a connected Lie group which has a (nonabelian) Z nmodule structure, T a maximal compact torus of G Zn . Then each connected component of H 0 (Z n , G/T ) is a closed homogeneous submanifold of G/T , and the restriction of the coboundary operator δ :
Proof. Similar to the proof of Corollary 4.2, using the fact that H 1 (Z n , T ) is finite.
The following theorem gives a description of cohomology classes in the set of cocycles
Theorem 5.2. Let G be a connected Lie group which has a (nonabelian) Z n -module structure, σ a generator of Z n . Then we have (i) Each connected component of Z = {g ∈ G|gσ(g) · · · σ n−1 (g) = e} is a closed submanifold of G.
(ii) Under the identification Z 1 (Z n , G) ∼ = Z, each cohomology class is a connected component of Z, that is, H 1 (Z n , G) coincides with the set of all connected components of Z.
We first prove a lemma.
Lemma 5.1. Let g ∈ G, k be a positive integer. Then we have (i) Ad(σ(g))dσ = dσAd(g); (ii) Ad(gσ(g) · · · σ k−1 (g))dσ k = (Ad(g)dσ) k .
Proof. For each X ∈ g, t ∈ R, we have e tAd(σ(g))dσ(X) =σ(g)e tdσ(X) σ(g)
=σ(g)σ(e tX )σ(g)
=σ(e tAd(g)(X) ) =e tdσAd(g)(X) .
Hence we get the formula in (i).
(ii) can be proved by successive uses of (i).
Proof of Theorem 5.2. Let z ∈ Z. Denote a = ker(Ad(z)dσ − 1), b = Im(Ad(z)dσ − 1). By Lemma 5.1, we have (Ad(z)dσ) n = 1. So Ad(z)dσ is semisimple, and then g = a ⊕ b. We construct a smooth map F z : a ⊕ b → G by U 2 ) of z ∈ G. Shrinking U 1 if necessary, we may assume that X ∈ U 1 , e nX = e implies X = 0. For X ∈ U 1 , Y ∈ U 2 , we have So F z (X, Y ) ∈ Z ⇔ X = 0, that is,
This show that each connected component of Z is a submanifold of G, which is necessary closed by the definition of Z, and that each cohomology class is open in Z. So each cohomology class is also closed in Z. But G is connected implies that cohomology classes are connected. Hence each cohomology class is in fact a connected component of Z. This proves the theorem.
Remark 5.2. The idea of the construction of the map F z in the proof of Theorem 5.2 owes to Professor K.-H. Neeb. The first proof of Theorem 5.2 the authors worked out makes use of some real analytic geometry, which is similar to the proof of the main theorem in [3] .
